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$G=G_{1}\geq G_{2}\geq\cdots\geq G_{n}\geq G_{n+1}=1$
$i$ $G_{i+1}$ $G$ , $G_{i}/Gi+1$
$n$ polycyclic series $0$ polycyclic series polycyclic group $\circ$
polycyclic group
941 1996 73-83 73
Fact
$\{p- \mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{P}^{\mathrm{s}}\}\subset$ { $\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}$ nilpotent groups}
$\subset$ { $\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\iota \mathrm{e}$ soluble $\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{p}\mathrm{s}$} $\subset$ {polycyclic $\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{p}\mathrm{s}$} $\subset$ {soluble groups}
polycyclic group
Theorem
(1) $G$ is polycyclic $\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{p}\Leftrightarrow G$ is soluble group and all subgroups are finitely generated.
(2) $G$ is polycyclic with length $\mathrm{n}\Rightarrow G$ can be generated by $\mathrm{n}$ elements.



















– The general problem for finite groups
Computational Group Theory
1878 Cayley The general problem for finite groups $([4])_{0}$
74
$N$ , $N$
1882 1906 $N$ 4
1882 $p^{2},$ $pq([22])$
1893 $p^{3},p^{2}q,pqr,p^{4}([13],[35])$
189.5 . . pqrs ([14])




$128=2^{7}$ $192=2^{6}\cdot 3$ 215
1930 . . 100 ([20|)
. $\cdot$
1934 . . 101 215 ([18],|28],|29])
$-ff$
1934 . . .P.Hall word normal word Collection Algorithm
([9])





Word Problem : $A$ $w$ $w=e$ in $G$
Conjugacy Problem: $A$ $u$ $v$ $G$
Isomorphism Problem : 2
Dehn ([21])
1946 . . . ENIAC
1953 . . Coset enumeration Cambridge B.Haselgrove
75
([16])
1960 Collection H.Felsch $-$ ([5])
1967 . . “Computational Problems in Abstruct $\mathrm{A},$ $\iota_{\mathrm{g}\mathrm{e}}\mathrm{b}\Gamma \mathrm{a}$” Oxford $([17])_{0}$
$1970$ L.Gerhards E.Altmann
$(1^{7}])$
1971 I.D.Macdonald power-commutator presentation
Nilpotent Quotient Algorithm $([19])_{\circ}\mathrm{p}_{\mathrm{o}\mathrm{W}\mathrm{e}\mathrm{r}\mathrm{C}\mathrm{o}}-\mathrm{m}\mathrm{m}\mathrm{u}\iota_{\mathrm{a}}\iota \mathrm{o}1^{\cdot}$
presentation Word Problem P-
1973 G.Havas $G$ H $G$ $|G:H|$ $H$
Reidemeister-Schreier program ([101)
1974 . . Computational Group Theory system “Aachen-Sydney Group Systern”
(Cayley )
1975 $\mathrm{M}.\mathrm{F}$ .Newman Nilpotent Quotient Algorithm $P^{7\mathrm{i}}$
$l^{J-}$ p- $([23],[24])$
1976 . . .Alford, Ascione, Havas, Leedham-Green, Newman p-
([1])
1982 $\text{ }\cdot\cdot \mathrm{G}.\mathrm{H}\mathrm{a}\mathrm{v}\mathrm{a}\mathrm{s}_{\text{ }}\mathrm{P}.\mathrm{E}.\mathrm{K}\mathrm{e}\mathrm{n}\mathrm{n}\mathrm{e}_{\text{ }}$ J.S.Richardson X $\sigma^{\backslash }\mathrm{E}.\mathrm{F}$ . Robertson } $\mathrm{h}_{\text{ }}$ Reidemeister-Schreier
programm Tietze transformation program $([12])_{0}$
1982 . . “Computational Group Theory” Durhum ([2])
1986 . . r Newman O’Brien
128 2328 $([11],[15],[26])$
Aachen RWTH( $\mathrm{R}\mathrm{h}\mathrm{e}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{S}\mathrm{c}\mathrm{h}-\mathrm{w}_{\mathrm{e}}\mathrm{s}\mathrm{t}\mathrm{f}\ddot{\mathrm{a}}1\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{h}\mathrm{e}\mathrm{S}$Techniscbe Hochscbule) GAP
1989 O’Brien 256 56092 ([27])




Definition power-conjugate presentation $\circ$
$<a_{1},$ $a_{2},$ $\cdots,$ $a_{n}|a_{i}^{\rho(i)}=u_{\mathrm{i}},$ $1\leq i\leq n$ , aj $ai=a_{i}v_{ij},$ $1\leq i<j\leq?l>$





power-conjugate presentation is consistent
$\Leftrightarrow$ ( $a_{k}$ (ajai)) $=((a_{k}a_{j})a_{\mathrm{i}})$ for $1\leq i$. $<j<k\leq n$ ,
$((a_{k}^{p})a_{j})=(a_{k}^{p-1}(a_{k}a_{j}))$ for $1\leq j<k\leq n$ ,
$(a_{j}(a^{p}i))=((a_{j}a_{i})ap.-*1)$ for $1\leq i<j\leq n$ ,
$(a_{i}(a^{p}.\cdot))=((a_{i}^{p})ai)$ for $1\leq i\leq n$.
Fact
(1) power-conjugate presentation $\rho(1)\rho(2)\cdots\rho(n)$
(2) consistent power-conjugate presentation
(3) consistent power-conjugate presentation Word Problem
.
normal word $a_{1}^{k_{1}k_{2}}a_{2}\cdots a_{n}^{k_{n}}(0\leq k_{i}<\rho(i)).\text{ }$ –
word normal word Collection Algorithm $([3])_{0}$
Collection Algorithm
Input: a power-conjugate presentation with generators { $a_{\mathrm{l}},$ $a2,$ $\cdots,$ $on1$ ;
aword $w$ in $\{a_{1}, a_{2}, \cdots, a_{n}\}$ ;
Output: a normal word $w$ equivalent to the input word;
begin
while $w$ is not normal do
77
$w$ $:=\mathrm{t}\mathrm{h}\mathrm{e}$ result of replacing a subword of $w$ which occurs





$<a_{1},$ $a_{2},$ $a_{3}|a_{1}^{3}=1,$ $a_{2}^{3}=1,$ $a_{3}^{2}=1,$ $a_{2}a_{1}a_{2}^{-1}=a_{1},$ $a_{3}a_{1}a_{3}^{-1}=a_{2},$ $a_{3}a_{2}a_{3}^{-1}=a_{1}>$
word $a_{2}-1a_{1}2a^{-}a-1a3112$ normal word $\text{ }$
Prolog
$?-\mathrm{r}(\mathrm{R}),\mathrm{g}\mathrm{e}\mathrm{t}_{-^{\mathrm{n}}}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}1-\mathrm{w}\mathrm{o}\mathrm{r}\mathrm{d}([-2,1,1, -3, -1,2] , \mathrm{R}, \mathrm{N}\mathrm{W})$ .
$[-2,1,1, -3,1.1,2]$
$[2, 2, 1, 1, -3,1,1,2]$
[2,2,1,1,3,1,1,2]
[2, 1, 2, 1, 3, 1, 1, 21
[1, 2, 2, 1, 3, 1, 1, 2]
[1, 2, 1, 2, 3, 1, 1, 21
[1, 1, 2, 2, 3, 1, 1, 21
[1, 1, 2, 2, 2, 3, 1, 21
[1, 1, 3, 1, 2]
[1, 1, 2, 3, 2]
[1, 1, 2, 1, 3]
[1, 1, 1, 2, 31
$[2, 3]$
$\mathrm{R}=[[[1,1,1], []],$ $[[-1], [1,1]],$ $[[2,2,21_{2} []]$ .
$[[-2], [2,2]],$ $[[3,3],$ $[]],$ $[[-3], [3]],$ $[[2,1],$ $[1,2]]$ ,




10.4.2 Consistent power-conjugate presentation
consistent power-conjugate presentation \sim
consistent power-conjugate presentation
$\circ$
1971 Macdonald Nilpotent Quotient Algorithm
consistent power-conjugate presentation
Defnition $G$ , $p$
$\mathcal{P}_{\mathrm{O}}^{p}(c)=G$, $P_{i}^{p}(G)=[P_{i-1}^{p}(G), G](p_{i-1}^{p}(G))^{p}$ (for $i\geq 1$ )
$G=P_{\mathrm{O}}p(c)\geq P_{\mathrm{J}}^{p}(c)\geq\cdots\geq P_{i}^{p}(c)\geq\cdots$
$\circ$
$G$ lower exponeni-p central series $0$
$P_{c}^{p}(G)=1$ $c$ $G$ exponent-p class $c$
Nilpotent Quotient Algorithm
Input: afinite presentation $<A|\mathcal{R}>$ for $G$ ,
$p$ : prime, $c$ : non-negative integer
Output: consistent power-conjugate presentation for $G/P_{c}^{p}$
$G$ exponent-p class $c$ $G/P_{c}^{p}(G)=c$ $G$ consistent
power-conjugate presentation
consistent power-conjugate presentation Finite Solu-
ble Quotient Algorithm 1994
Niemeyer ([25])
Definition $p_{\mathrm{i}}$ , $c_{i}$ $\mathcal{L}=[(p_{1},C1), (p_{2}, c_{\sim}.\circ), \cdot\cdot., (.p_{k}, c_{k})].$
.
(
$l)i\neq Pi+1$ , $i<k$ $ci>0$ )
$\mathcal{L}_{1,\mathrm{O}}(G)=G$ ,
$\mathcal{L}_{i,j}(G)=\mathcal{P}_{j}^{p:}(\mathcal{L}i,\mathrm{o}(c))$ for $1\leq i\leq k,$ $1\leq j\leq c_{i}$ ,
$L_{i+1,\mathrm{O}}(G)=\mathcal{L}_{i,c}:(G))$ for $1\leq i<k$ ,
$\mathcal{L}(G)=\mathcal{L}_{k,c}(kG)$
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$G=\mathcal{L}_{1,\mathrm{O}}(G)\geq \mathcal{L}_{1,1}(G)\geq \mathcal{L}_{1,2}(G)\geq\cdots\geq \mathcal{L}_{1,c_{1}-1}(G)\geq \mathcal{L}_{1,\mathrm{c}}(1c)$
$=\mathcal{L}_{2,0}(G)\geq^{c}2,1(G)\geq \mathcal{L}_{2},2(G)\geq\cdots\geq \mathcal{L}_{2,c_{2}-1}(G)\geq \mathcal{L}_{\sim}0_{c_{2}},(G)$
$=\mathcal{L}_{k,0}(G)\geq \mathcal{L}_{k,1}(c)\geq \mathcal{L}_{k,2}(G)\geq\cdots\geq c_{k,c_{k}-}1(c)\geq \mathcal{L}_{k,c_{k}}(G)=\mathcal{L}(G)$
$G$ $\mathcal{L}$-series $\mathcal{L}(G)=1$ $G$ $\mathcal{L}- g?’ \mathit{0}\cdot up$






Finite Soluble Quotient Algorithm
Input: afinite presentation $<A|\mathcal{R}>\mathrm{f}\mathrm{o}\mathrm{r}C_{7}$ ,
$L=[(p_{1},c_{1}), (p2, c_{2}), \cdots, (pk, ck)]$
Output: consistent power-conjugate presentation for $G/\mathcal{L}$
Examples
4 $S_{4}$ $\circ \mathrm{G}\mathrm{A}\mathrm{P}$ (version 3 release 4) ANUSQ
Share Library Finite Soluble Algorithm
$\circ$ GAP $S_{4}$ consistent power-conjugate presentation $\circ$
$\mathrm{g}\mathrm{a}\mathrm{p}>\mathrm{R}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{r}\mathrm{e}\mathrm{p}_{\mathrm{a}\mathrm{c}}\mathrm{k}\mathrm{a}\mathrm{g}\mathrm{e}(^{11}\mathrm{a}\mathrm{n}\mathrm{u}\mathrm{s}\mathrm{q}^{11})$ ;
gap $>\mathrm{f}:=\mathrm{F}\mathrm{r}\mathrm{e}\mathrm{e}\mathrm{G}\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{p}$(lla,’ $\mathrm{b}^{1\iota}$t\iota $1$ ) ;
Group $(\mathrm{a}, \mathrm{b})$
gap $>\mathrm{f}:=\mathrm{f}/[\mathrm{f}.1^{arrow}8,\mathrm{f}.2^{arrow}3,$ $(\mathrm{f}.1^{\wedge}-1*\mathrm{f}.2)$ “ 2, $(\mathrm{f}.2*\mathrm{f}.1-3*\mathrm{f}.2^{*}\mathrm{f}.1)\wedge 2*\mathrm{f}.1^{\wedge}-_{4]}$ ;
$\mathrm{G}\mathrm{r}\mathrm{o}\mathrm{u}_{\mathrm{P}}(\mathrm{a}, \mathrm{b} )$
gap $>$ Size (f) ;
24
gap $>\mathrm{g}:^{=}\mathrm{S}\mathrm{q}$ $(\mathrm{f}, [[2,1] , [3, 11 , [2, 111)$ ;
80
$\mathrm{r}\mathrm{e}\mathrm{c}($
generators $:=$ [ $\mathrm{a}.1,$ $\mathrm{a}.2,$ $\mathrm{a}.3$ , a.4 ],
relators $:=$ $[$ $\mathrm{a}.1^{\wedge}2^{*}\mathrm{a}.3^{arrow}-1,$ $\mathrm{a}.1^{\wedge}-_{1*\mathrm{a}.2^{*.1*\mathrm{a}.3^{\sim}-}}\mathrm{a}1*\mathrm{a}.2\wedge-2,$ $\mathrm{a}.2^{\mathrm{r}}3$ ,







Computational Group Theory Sims
$([3\mathrm{o}1)$ ( $\mathrm{B}\mathrm{i}\mathrm{b}$TeX )
anonymous ftp
pell. $\mathrm{a}\mathrm{n}\mathrm{u}$ .edu.au (IP 150.203.33.4) $:/\mathrm{p}\mathrm{u}\mathrm{b}/\mathrm{b}\mathrm{i}\mathrm{b}/\mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{b}\mathrm{r}\mathrm{a}.\mathrm{b}\mathrm{i}\mathrm{b}$
GAP $\langle$ anonymous ftp
samson.math.rwth-aachen.de (IP 137.226. 152.6) $:/\mathrm{p}\mathrm{u}\mathrm{b}/\mathrm{g}\mathrm{a}\mathrm{p}/\mathrm{g}\mathrm{a}\mathrm{p}3\mathrm{r}4\mathrm{p}2$ .zoo
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